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Abstract – We consider a mixture of a superﬂuid Fermi gas of ultracold atoms and a BoseEinstein condensate of molecules possessing a continuous U (1) (relative phase) symmetry. We
study the eﬀects of a spatially random photo-associative–dissociative symmetry-breaking coupling
of the systems. Such coupling allows one to control the relative phase between a superﬂuid order
parameter of the Fermi system and the condensate wave function of molecules for temperatures
below the Bardeen-Cooper-Schriefer critical temperature. The presented mechanism of phase
control belongs to the general class of phenomena in which disorder interacts with continuous
symmetry. Our results show the robustness and wide range of applicability of disorder-induced
order and are valid for both disordered and regular couplings. Here, the eﬀect is studied in the
case of interacting fermionic and bosonic gases in the superﬂuid phase.
c EPLA, 2009
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Introduction. – Experiments on ultracold atoms are
allowing for realizations of highly complex mathematical
models used in a variety of ﬁelds in physics. For example,
condensed matter models like the XY model can be realized using bosons on an optical lattice [1] and coupled nonlinear diﬀerential equations can be found in laser-physics
as well as in models describing Bose-Einstein condensates [2]. Of all the studies of the physics of ultracold
atoms, fermionic systems and, in particular, Fermi superﬂuids have recently received a lot of attention. The most
famous example in this context is the BEC-BCS crossover.
In this example, fermions are transformed between the
superconducting state in which they form BardeenCooper-Schriefer (BCS) pairs and the Bose-Einstein
condensate (BEC) made of diatomic molecules of the same
fermions (for reviews see [3–5]). Another ﬁeld of particularly high activity has recently been the study of disorder
in diﬀerent ﬁelds of physics (see, for example, [6]). Since
the proposal to study disorder in degenerate quantum
gases [7], several experimental and theoretical groups have
focused on this subject [8–17]. Very recently, these studies
culminated in the seminal experimental observation of
Anderson localization of matter waves in a BEC with a

disordered potential [18,19] and in signatures of the Bose
glass state of an ultracold gas in an optical lattice [20].
Recently, we have proposed another kind of disorder
eﬀects that can be realized with ultracold atoms, termed
disorder-induced order control. Generally speaking, these
eﬀects occur in systems possessing a continuous symmetry.
For low-dimensional systems of this sort (such as the
homogeneous XY model in 2D), the Mermin-WagnerHohenberg (MWH) theorem [21], prevents long-range
order at non-zero temperatures. The system does order at
T = 0, but arbitrarily small disorder with a distribution
respecting the continuous symmetry destroys this T = 0
order (see [22] and refs. therein). Adding a disorder
with a distribution that breaks the continuous symmetry
leads to competing mechanisms: Naturally, disorder acts
against ordering, whereas symmetry breaking increases
the tendency to order. We have shown rigorously that in
the classical XY model in a random X-oriented magnetic
ﬁeld, a spontaneous magnetization in the Y-direction
appears at T = 0. Also, we have presented strong evidence
for the persistence of magnetization at T > 0 in the limit
of small disorder. Clearly, in this case we are dealing with
disorder-induced order.
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The situation is somewhat diﬀerent when we deal with
systems that order at Tc > T > 0 (such as the homogeneous
XY or Heisenberg model in 3D, or the inhomogeneous
XY model in 2D, corresponding to the trapped 2D BEC).
Adding a small disorder with a distribution respecting the
symmetry will generally not do much in this case, except
reduce Tc . A rigorous theorem (valid also at T = 0, [22])
says that the order parameter conjugate to an arbitrarily small added random ﬁeld has a vanishing quenched
average over the disorder. Thus, if the disorder is, say, X
oriented, we obtain that the averaged X-component of the
magnetization vanishes. This may happen because it ﬂuctuates a lot, with the ﬂuctuations averaging to zero, or
because it is typically close to zero. In the latter case,
disorder prevents order in the X-direction; the systems
tends, however, to order in a perpendicular direction,
and that is why we termed this situation disorder-induced
order control.
A related but distinct eﬀect occurs in a two-component
BEC with a random Raman coupling. In this case, turning
on a small real-valued random coupling between the
two components causes their order parameters to be
perpendicular, i.e., the phase diﬀerence between the two
condensate wave functions is π/2. while this can be
seen as an order phenomenon, we stress that from the
point of view of the general theorem in [22], it relies
on vanishing of the quantity conjugate to the random
couplings, namely the inner product of the two order
parameters, a mechanism diﬀerent from the one studied
in [1].
Similar eﬀects can be found in other areas of physics
as described, for example in [23]. These eﬀects occur for
all types of symmetry-breaking perturbations with mean
zero: random couplings, but also regularly oscillating,
or pseudo-random couplings. The term disorder-induced
order was chosen to stress the presence of the eﬀect in the
most non-trivial case.
The main goal of the present letter is to introduce these
new ideas to the ﬁeld of superﬂuid Fermi gases that possess
a U (1) phase symmetry. Even if we use direct analogy
between this system and the case of two BECs or (a less
direct) analogy to the XY model in a uniaxial ﬁeld, as
discussed in refs. [1,24], it is important to understand
that the underlying physical systems and mathematical
models, as well as the numerical and analytical methods
of these diﬀerent cases, are very diﬀerent. Note that the
disorder eﬀects are hardly visible for the homogeneous XY
models, but very spectacular in the case of the coupled
BECs. It is by no means a priori obvious how pronounced
they will be in the Fermi case.
Here, we show that a Fermi superﬂuid coupled to a
molecular BEC via a random, symmetry-breaking photoassociating-dissociating coupling undergoes relative phase
ordering, so that the phase of the order parameter can
be eﬃciently controlled by the phase of the coupling.
Within a BCS-like theory [25], we show rigorously that
for small disorder the eﬀect is large and robust, and

that it occurs practically for all temperatures below the
superﬂuid transition temperature.
Model description. – We consider a mixture of
fermions in two diﬀerent internal states interacting via an
attractive zero-range potential in a 3D volume V with a
Hamiltonian




 †  2
∇2 − µ ψ̂j − g ψ̂1† ψ̂2† ψ̂2 ψ̂1  ,
ψ̂j −
HF = dr 
2m
j
(1)
where the chemical potential µ ﬁxes the average density
n, g = 4π2 |a|/m (with s-wave scattering length a)
determines the strength of the interactions and ψ̂j stand
for the fermionic ﬁeld operators. Moreover, we assume
the presence of a BEC of molecular dimers consisting
of the two fermionic species and a (weak) coupling that
transforms these dimers into fermion pairs and vice versa.
Experimentally, we can sweep a mixture of fermions with
two diﬀerent internal states over a Feshbach resonance,
which leaves us with a BEC of diatomic molecules
and unbound fermions. Then, we approach a second
Feshbach resonance which turns the previously unbound
fermions into BCS pairs without aﬀecting the molecular
BEC. For example, potassium-40 has known s-wave
resonances at 202G and 224G with widths of the order
of 10G [26] and might be a realistic candidate for such
experiments. The coupling between the molecules and
the fermions can be realized through photoassociation
and photodissociation. Taking the limit of a large BEC,
we do not need to consider its dynamics because the
eﬀect of the weak coupling with the fermions on BEC
is negligible. Following these considerations, the Hamiltonian (1) has to be supplemented by one term only:
The coupling between the fermions and the BEC which
we approximate by
dr[α∗ (r)ψ̂d† ψ̂1 ψ̂2 + α(r)ψ̂2† ψ̂1† ψ̂d ] ≈
√
nd dr[α∗ (r)ψ̂1 ψ̂2 + α(r)ψ̂2† ψ̂1† ], where the bosonic ﬁeld
operator ψ̂d for molecules is substituted by a real-valued
condensate wave function which for a homogeneous case
considered here is the square root of the density of dimers
√
nd . The full Hamiltonian therefore reads

H = HF + dr Γ∗ (r)ψ̂1 ψ̂2 + Γ(r)ψ̂2† ψ̂1† ,
(2)
√
with Γ(r) = Γ̃(r)e−iϕΓ = nd α(r). We assume that the
transfer process is realized so that Γ̃(r) is real, varies
randomly in space and is constant in time, drΓ̃(r) = 0
and ϕΓ is a real number. We will show that for ϕΓ = 0 the
relative phase between the condensate wave function of
molecules and the pairing function of the superﬂuid fermions is ﬁxed to π/2 (or −π/2). Then we show that we can
control the relative phase and ﬁx it to any value by changing a control parameter ϕΓ , and the relative phase will
be diﬀerent from ϕΓ by ±π/2. This is in stark contrast to
the case of constant coupling of strength c, i.e., Γ(r) ≡ c,
where the relative phase trivially follows the phase of

26004-p2

Disorder-induced phase control in superﬂuid Fermi-Bose mixtures
Γ(r). For Γ = 0 and in the weak-coupling limit, i.e., g → 0,
we deal with a Fermi system which for T below the critical
temperature Tc = 8 eγ e−2 π −1 TF e−π/2kF |a| (where kB TF =
εF = 2 kF2 /2m = 2 (3π 2 n)2/3 /2m and γ = 0.5772 the
Euler constant) reveals a transition to a superﬂuid phase
(BCS state) which is indicated by a non-vanishing pairing
function (order parameter) ∆ = gψ̂2 ψ̂1  [25,27]. In the
general case (i.e., including non-zero Γ), the pairing function is given in terms of solutions of Bogoliubov-de Gennes
(BdG) equations, i.e., ∆ = g n un vn∗ [1 − 2f (En )], where
2

2

∇
− 2m
−µ+W
∗
∆ + Γ∗

∆+Γ
2 ∇2
2m + µ − W

 
 
un
u
= En n
vn
vn

(3)

with a Hartree-Fock term W = −gψ̂1† ψ̂1  = −gψ̂2† ψ̂2  =
−g n |un |2 f (En ) + |vn |2 [1 − f (En )] and the Fermi distribution f (En ) = (eEn /kB T + 1)−1 [25].
If the transfer process is absent (i.e., Γ = 0), the system
(2) is invariant under global gauge transformation, i.e.,
ψ̂j → eiϕ/2 ψ̂j , which implies that if {un , vn } are solutions
of the BdG equations for ∆, then {eiϕ/2 un , e−iϕ/2 vn }
are the solutions corresponding to eiϕ ∆. This continuous
symmetry is broken when the transfer process is turned
on, as can be seen from (2). Then the phase of the pairing
function becomes relevant because it is the relative phase
with respect to the (real-valued) condensate wave function
of dimers.
Theoretical study. – We begin with an analysis of
the ϕΓ = 0 case, i.e., for Γ = Γ̃ real. Let us assume that
for Γ = 0 and for some temperature T , we have a non-zero
pairing function that is chosen to be real and positive,
∆0 > 0. When we turn on Γ with |Γ(r)|  ∆0 , we may
expect that it results in a new pairing function where
∆(r) ≈ ∆0 eiϕ(r) . That is, any non-zero Γ has a dramatic
eﬀect on the phase because without the transfer process
the system is degenerate with respect to the choice of
ϕ. On the other hand, an inﬁnitesimal Γ is not able to
change |∆(r)| because this would cost energy. Moreover,
we may expect that ϕ(r) oscillates around some average
value ϕ0 with small amplitude because we assume that
Γ(r) ﬂuctuates around zero with inﬁnitesimal variance.
Under these assumptions, we can observe that |ϕ0 | = π/2.
In fact, let us neglect the Hartree-Fock term W (which
is not essential for Fermi superﬂuidity) and calculate the
diﬀerence of the thermodynamic potentials between the
superﬂuid and the normal phase


where

H1 =

dr Γ̃(ψ̂1 ψ̂2 + ψ̂2† ψ̂1† ) − g ψ̂1† ψ̂2† ψ̂2 ψ̂1


where lc = 2 kF /mkB Tc . Equation (6) is valid for
Tc − T  Tc and for Γ̃(r) that changes on a scale much
larger than lc (e.g., for kF |a| = 0.5 and n ∼ 1014 cm−3
we get lc ∼ 4 µm). For |Γ̃(r)| much smaller than |∆0 (T )|,
where ∆0 (T ) is the pairing function in the absence of the
transfer process, we may introduce further approximations
that reduce eq. (6) to


48π 2 2π 2 2 Tc − T
Γ̃(r),
+
|∆0 |∇2 δϕ(r) = ∇2 Γ̃(r) +
7ζ(3)lc2 mkF g
Tc
(7)
where |∆| ≈ |∆0 | and we have chosen ϕ0 = π/2 in the
expansion ϕ(r) ≈ ϕ0 + δϕ(r). The solution of (7) reads
δϕ(k) =

(4)
[26].

According to our assumptions, for g close to g, |∆(r)| is

(5)

and for
drΓ̃δϕ < 0 the thermodynamic potential is
minimized when ϕ0 = π/2. With the transformation
δϕ → −δϕ and ϕ0 → −π/2, we obtain another solution
which reﬂects the symmetry of the system. That is, for
a real Γ, if ∆(r) corresponds to solution of (3) then the
solution of complex conjugate BdG equations results in a
new pairing function equal to ∆∗ (r). In experiments, the
sign of ϕ0 will depend on the realization and is determined
by spontaneous breaking of the ϕ → −ϕ symmetry.
It is important to note that eq. (5) shows that
disorder-induced order is present for very diﬀerent types
of couplings: For regularly oscillating, pseudo-random,
and random couplings, the eﬀect is present as long as the
mean value of Γ̃ is zero and the resulting ﬂuctuations are
small, i.e., |δϕ(r)|  π.
Having determined ϕ0 we would like to estimate ﬂuctuations of the phase of the pairing function δϕ(r).
To this end, let us employ the Ginzburg-Landau (GL)
approach [25]. Adapting the Gorkov’s derivation of the
GL equation [25,28,29] (with the standard regularization
of the bare interaction g for the case of cold atomic gases)
to our problem we obtain
 2 2

2π 
48π 2
Tc − T
Γ̃
+
∇2 ∆ = −∇2 Γ̃ −
7ζ(3)lc2 mkF g
Tc
48π 2 Tc − T
6m2
−
∆ + 4 2 |∆ + Γ̃|2 (∆ + Γ̃),
2
7ζ(3)lc Tc
 kF
(6)

1

dλ
λH1 λ
λ
0


 g 
dg
2g 
2
Γ̃|∆|
cos
ϕ
,
≈ −
+
dr
|∆|
2
g
0 g

Ωs − Ω0 =

constant and cos ϕ(r) ≈ cos ϕ0 − sin ϕ0 δϕ(r). Then



2g 
Γ̃|∆| cos ϕ ≈
− dr |∆|2 +
g

2g  |∆|
drΓ̃δϕ,
−|∆|2 V + sin ϕ0
g

Γ̃(k)
48π 2
−
|∆0 | 7ζ(3)lc2 |∆0 |



2π 2 2 Tc − T
+
mkF g
Tc



Γ̃(k)
|k|2
(8)

in the Fourier space.
Now we switch to the general case of complex
Γ = Γ̃e−iϕΓ . It is easy to check that if |∆|eiϕ corresponds
to solution of the BdG equations with ϕΓ = 0 then
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|∆|ei(ϕ−ϕΓ ) is related to the solution for ϕΓ = 0. This
implies that, if for ϕΓ = 0, we are able to ﬁx the relative
phase between the condensate wave function of molecules
and the pairing function of the superﬂuid fermions to
π/2 (or −π/2), then changing ϕΓ allows us to ﬁx it to
φ0 = π/2 − ϕΓ (or φ0 = −π/2 − ϕΓ ) and phase control
emerges.



√
√
EC + ε F
EC
1
ln √
,
√ −
2
εF
EC − ε F

Γ(z)

-3

-10
0.55

(b)

0.5
0.45
-20

-10

0

z

10

20

Fig. 1: (Color online) Panel (a) shows Γ(z) given in eq. (10) for
Γ0 = 0.01|∆0 (0)|. Panel (b) represents the corresponding phase
ϕ(z) of the pairing function for T = 0 (black solid curve) and
T = 0.9Tc (red dashed curve).
0.6

(9)

〈ϕ〉z / π

1
mkF
1
= − 2 2
geﬀ
g 2π 



(a)
0

ϕ(z) / π

Numerical study. – Assuming that the transfer
process with small |Γ(r)| results in phase ﬂuctuations of
∆(r) only, we have shown that the ﬂuctuations occur
around π/2 − ϕΓ (or −π/2 − ϕΓ ) and they are given
by eq. (8). Now we would like to switch to numerical
solutions of the BdG equations (where, in contrast to
the analytical study, we do not neglect the Hartree-Fock
term W ) to demonstrate that indeed for |Γ|  |∆0 | the
ﬂuctuations are small and the predicted phase control is
possible. In 3D calculations we regularize the coupling
constant g in ∆ = gψ̂2 ψ̂1 , i.e., g → geﬀ , according to

-3

10

(a)

0.55
0.5
0.45

〈|∆|〉z / ∆0

where the logarithmic term results from the sum over
0.4
Bogoliubov modes corresponding to energy above the
(b)
1.05
cut-oﬀ EC performed in the spirit of the local density
approximation, see [30] for details. For the simulations we
1
choose Lz = 40kF−1 , L⊥ = 20kF−1 , µ = 0.83εF , and kF |a| =
0.4, which for Γ = 0 and the cut-oﬀ EC = 100εF leads
0.95
to ∆0 (T = 0) = 0.036εF and Tc = 0.019TF . Using these
1
0
0.2
0.4
0.6
0.8
parameters lc ∼ 100kF−1 is larger than the system size and
T / Tc
we are able to explore a regime beyond GL theory. We
assume real Γ(r) given by a pseudo-random function that Fig. 2: (Color online) Panel (a) shows average value of the phase
changes along the z-axis only,
of the pairing function ϕz vs. temperature obtained for Γ as



 
2π
2π
Γ0
(9z + 8.8) + sin
(13z + 3.6) .
Γ(r) =
sin
2
Lz
Lz
(10)

In ﬁg. 1, we show the phase of the pairing function
ϕ(z) in the case when Γ0 = 0.01|∆0 (0)| and ϕΓ = 0 for two
diﬀerent temperatures, T = 0 and T = 0.9Tc . One can see
that indeed the phase oscillates around π/2 with a small
amplitude (standard deviation of the order 10−2 ). The
ﬂuctuations of the absolute value of ∆(z) are negligible
(standard deviations divided by average values are of
the order 10−4 ). When T approaches Tc the average |∆|
decreases and, at some T , becomes much smaller than Γ0
and we enter another regime where the transfer term in
the Hamiltonian (2) starts dominating. For a very large
Γ0 we may expect that a real-valued ∆, which oscillates
in space with a phase approximately opposite to the one
of Γ(z), minimizes the thermodynamic potential. In ﬁg. 2,
we present average values and standard deviations for ϕ
and |∆| vs. temperature where one can observe an increase
of the ﬂuctuations for T → Tc , which is typical for critical
phenomena [31].

in ﬁg. 1. In panel (b) we present the corresponding average
value of the modulus of the pairing function |∆|z divided by
∆0 (T ), i.e., the pairing for the Γ = 0 case. Solid black curves
are related to average values, dashed red curves to average
values ± standard deviation. The ﬁgure shows simulations for
temperatures up to T = 0.99Tc , where ∆0 (T ) = 0.16∆0 (0).

Summary. – We have shown how to control the
relative phase ϕ between the wave function of a molecular
condensate and the pairing function of a mixture of fermions in the BCS state. It turns out that weak couplings of
a certain class which transfer pairs of fermions into molecules and vice versa, ﬁx this relative phase. Contrary to
phase control using constant couplings, disorder-induced
phase control employs spatially randomly varying or
oscillating couplings; they can be realized by optical
means, with a desired phase and amplitude, which
allows for eﬃcient control of ϕ. In this letter, we have
considered the Fermi system in a weak-coupling regime
but similar behavior is expected in the strong regime.
In particular, translation of our results to the simpliﬁed
resonant superﬂuidity theory (cf. [32]) is straightforward.
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Our results hold also for 0 < kF a  1, where the pairing
function becomes a condensate wave function of tightly
bound pairs. Hence, the present situation turns out to
be similar to the control of the relative phase between
two Bose-Einstein condensates, analyzed in our earlier
publication [24]. The problem considered here also belongs
to a general class of disorder-induced order phenomena
that rely on continuous symmetry breaking.
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